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Abstract
Let Km∗r be the complete r-partite graph with m vertices in each part. Erd}os, Rubin, and Taylor
showed that K2∗r is r-choosable and suggested the problem of determining the choosability of
Km∗r : We show that K3∗r is exactly d(4r − 1)=3e choosable. c© 2000 Elsevier Science B.V. All
rights reserved.
1. Introduction
Let N denote the set of natural numbers and [n] denote fi2N : 0<i6ng. For a
set X; let
(X
k

denote the collection of k-subsets of X , and 2X denote the power set
of X . Let G = (V; E) be a graph. A function f : V ! N is a proper coloring of G if
f(x) 6= f(y) whenever xy2E. A list assignment L for G is a function L : V ! 2N .
If the range of L is
(N
k

then L is a k-list assignment for G. A function f : V ! N
is an L-coloring of G if f is a proper coloring of G and f(v)2L(v) for all v2V . If
G has an L-coloring, then G is said to be L-colorable. If for every k-list assignment
L, there exists an L-coloring, then G is k-choosable. The choosability Ch(G) of G is
the least k such that G is k-choosable.
Let Kmr denote the complete r-partite graph with m vertices in each part dened on
the vertex set [m] [r] so that (v; w) is adjacent to (v0; w0) i w 6= w0. In their seminal
paper [2] Erd}os et al. mention the problem of determining the choosability of Kmr . If
m=1 then Kmr is a clique on r vertices and if r=1 then Kmr is an independent set
on m vertices; so these cases are trivial. Erd}os et al. solved the problem in the case
m= 2.
E-mail address: kierstead@asu.edu (H.A. Kierstead)
0012-365X/00/$ - see front matter c© 2000 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(99)00157 -0
256 H.A. Kierstead /Discrete Mathematics 211 (2000) 255{259
Theorem 1. Ch(K2r) = r.
Alon [1] proved the following general bounds on Ch(Kmr).
Theorem 2. There exist two positive constants c1 and c2 such that for every m>2
and every r>2
c1r logm6Ch(Kmr)6c2r logm:
Here we solve the problem in the case m= 3. One interesting feature of our proof
is that at a crucial point we need Theorem 1.
Theorem 3. Ch(K3r) = d(4r − 1)=3e.
For a graph G = (V; E) and a subset X V , let G[X ] denote the subgraph of G
induced by X: For a list assignment L of G, let LjX denote L restricted to X . The
following lemma will be useful.
Lemma 4. Let L be a list assignment for a graph G= (V; E). Then G is L-colorable
if () G[X ] is LjX -colorable for all non-empty subsets X V such that
jSv2X L(v)j< jX j.
Proof. Let X be a maximal subset of V such that either X=; or jSv2X L(v)j< jX j. Let
C=
S
v2X L(v). Using the maximality of X , for every Y V nX; j(
S
v2Y L(v))nCj>jY j.
Thus by Hall's Theorem, there exists a one-to-one function f1 : V n X ! N such that
f1(v)2L(v) nC for all v2V n X . Thus f1 is an Lj(V n X )-coloring of G[V n X ] with
range disjoint from C. By hypothesis there exists an LjX -coloring f2 of G[X ]. Since
the ranges of f1 and f2 are disjoint, f = f1 [ f2 is an L-coloring of G:
Corollary 5. A graph G = (V; E) is k-choosable if G is L-colorable for every k-list
assignment L such that jSv2V L(v)j< jV j.
Proof. Suppose G is L0-colorable for every k-list assignment L0 such that jSv2V L0(v)j
< jV j. Fix any k-list assignment L for G. We rst check to see that the hypothesis
() of Lemma 4 holds for L and G. Consider any non-empty subset X V such that
jSv2X L(v)j< jX j. Let x2X . Dene a list assignment L0 by L0(v)=L(v) if v2X and
L0(v)=L(x) if v 62X . Then jSv2V L0(v)j= jSv2X L(v)j< jX j6jV j. Thus by hypothesis
G is L0-colorable. Since L0jX = LjX; G[X ] is (L jX )-colorable. Thus by Lemma 4 G
is L-colorable.
Corollary 5 is a generalization of the key step in the proof of Theorem 1. To see
this, we show by induction on r that K2r = (V; E) is r-choosable. The base step r=1
is trivial. For the induction step, consider an r-list assignment L: By Corollary 5 we
may assume that jSv2V L(v)j< jV j. Thus there exists a color c2L((1; r)) \ L((2; r)).
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We color both (1; r) and (2; r) with c and remove c from the lists of the remaining
vertices. By the induction hypothesis, the remaining vertices can be properly colored
with colors from the revised lists.
2. The proof
In this section we show that Ch(K3r) = k, where k = d(4r − 1)=3e. For j2 [r],
let Pj be the independent set f(1; j); (2; j); (3; j)g. We call Pj the jth part of K3r .
First, we prove the lower bound by showing that there exists a (k−1)-list assignment
L such that G is not L-colorable. Let fAi: i2 [3]g be a collection of three disjoint sets
diering in size by at most one. For each vertex (i; j) of G let L((i; j))=
S
h2[3]−fig Ah.
Then any L-coloring of G must use at least two colors on each part Pj and thus 2r
colors in all. If u = jSh2[3] Ahj< 2r, then b2u=3c = minfPh2[3]−fig jAhj: i2 [3]g<
Ch(G). Setting u= 2r − 1 we obtain

4r − 1
3

− 1 =

4r + 1
3

− 1 =

2(2r − 1)
3

<Ch(G):
Next, we prove the upper bound by showing that for any k-list assignment L for
K3r , there exists an L-coloring. We argue by induction on r. The base step r = 1
is trivial, so suppose r > 1. If there exists j2 [r] such that Ti2[3] L((i; j)) 6= ;, then
we nish by using the same color for each vertex in Pj and applying the induction
hypothesis as in the proof of Theorem 1. So assume that
\
i2[3]
L((i; j)) = ; for all j2 [r]: (1)
Let sj be the number of colors that appear in exactly one of the lists L((1; j));
L((2; j)); L((3; j)) and dj be the number of colors that appear in exactly two of these
lists. Then using (1) sj+2dj=3k. Let C=
S
v2V L(v). By Corollary 5, we may assume
that jCj< 3r. Then sj+dj6jCj< 3r and so 4r−163k=sj+2dj < 3r+dj. It follows
that
r6dj for all j2 [r]: (2)
Thus for all j2 [r] there exist x; y2 [3], such that
jL((x; j)) \ L((y; j))j>
2
666
dj
3
2

3
777>
l r
3
m
: (3)
For each j2 [r], choose distinct vertices xj; yj; zj 2Pj and a color j recursively as
follows. Suppose that xh; yh; zh, and h have been chosen for all h<j. Choose xj,
yj, and j so that j 2 (L(xj)\ L(yj)) n fh : h<jg and subject to this jL(xj)\ L(yj)j
is as large as possible. This is possible by (2). Finally, let zj be the unique element
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of Pj n fxj; yjg. Color both xj and yj with j. Using (3),
jL(xj) \ L(yj)j>
l r
3
m
for all j6
l r
3
m
: (4)
Also if jL(xj)\L(zj)j>j then jL(xj)\L(yj)j>jL(xj)\L(zj)j and similarly if jL(yj)\
L(zj)j>j then jL(xj)\ L(yj)j>jL(yj)\ L(zj)j. Applying this with j6dk=2e, and using
(1), we obtain
jL(xj) \ L(zj)j; jL(yj) \ L(zj)j6

k
2

for all j6

k
2

: (5)
Let t be the largest integer such that there exists an LjX -coloring f of K3r[X ]; where
X = fxj; yj : j2 [r]g[ fzj : j2 [t]g, with the additional property that f(xj)=f(yj) for
all j2 [r]. Without loss of generality, f(xj) = j for all j2 [r]; let f(zj) = j for all
j2 [t]. We claim that
t>

2
3
r

: (6)
Let R= range(f) and D= fj2 [t]: fj; jgL(zt+1)g. Then L(zt+1)R, since oth-
erwise we could color zt+1 with a new color. Thus jDj>k − r = d(r − 1)=3e. Suppose
that j2D and  62R. Then  62L(xj) \ L(yj), since otherwise we could color zt+1 with
j and both xj and yj with ; also  62L(zj), since otherwise we could color zt+1
with j and zj with . We conclude that (L(xj) \ L(yj)) [ L(zj)R for all j2D.
Now if j2 [dr=3e] \ D, then by (1) and (4)l r
3
m
+ k6 j(L(xj) \ L(yj))j+ jL(zj)j
= j(L(xj) \ L(yj)) [ L(zj)j
6 jRj= r + t
and so d(2=3)re = dr=3e + d(r − 1)=3e6dr=3e + k − r6t. Otherwise, [dr=3e] \ D = ;
and again d(2=3)re= dr=3e+ d(r − 1)=3e6t. This proves (6).
Let Y be a maximum subset of V subject to the condition that both X Y and
there exists an LjY -coloring g of G[Y ] such that g(xj) = g(yj) for all j2 [r]: Let
Q = range(g) and U = V n Y . Then U = fzj: j2 Sg, for some S  [r] n [t]. Again
we can assume that g(xj) = j and g(zj) = j for all j2 [r] n S. For each j2 S,
L(zj)Q, since otherwise we could color zj with a new color. For each j2 S, let
Dj = fh2 [d(2=3)re]: fh; hgL(zj)g. Then we have
k = L(zj)6jQj6r + jDjj+

r −

2r
3

− jSj

= k + jDjj − jSj
and so
jSj6jDjj:
Thus there exists an injection h : S ! [r] such that h(j)2Dj for all j2 S. Let
S 0 = range(h) and U 0 = fxh; yh: h2 S 0g.
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Suppose j2 S and h(j)=h. Then L(zh)Q, since otherwise we could color zh with
a new color and color zj with h. It follows, using (5) that
jL(xh) n Qj = jL(xh) n ((L(xh) \ L(zh)) [ (Q n L(zh)))j
> k − k
2
− (2r − jSj − k)
> jSj:
Similarly,
jL(yh) n Qj>jSj:
Since G[U 0] is isomorphic to K2jSj and jL(v) n Qj>jSj for every v2U 0, by
Theorem 1 there exists an LjU 0-coloring g0 of G[U 0] that does not use any colors
from Q. Thus we can dene a proper L-coloring F of G by
F(v) =
8<
:
g(v) if v2V n (U [ U 0);
h( j) if v= zj 2U;
g0(v) if v2U 0:
We remark that the above proof provides an ecient algorithm for performing the
coloring.
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